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Abstract

A numerical approach is developed to capture the effect of rotation–vibration coupling in a practically
affordable way. In this approach only a limited number of adjacent rotational components are considered to be
coupled, while the couplings to other rotational components are neglected. This partially coupled (PC) approach
permits to reduce the size of Hamiltonian matrix significantly, which enables the calculations of ro-vibrational
states above dissociation threshold (scattering resonances) for large values of total angular momentum. This
method is employed here to reveal the role of the Coriolis effect in the ozone formation reaction at room
temperature, dominated by large values of total angular momentum states, on the order of J = 24 and 28. We
found that, overall, the effect of ro-vibrational coupling is not minor for large J. Compared to the results of
symmetric top rotor approximation, where the ro-vibrational coupling is neglected, we found that the widths of
scattering resonances, responsible for the lifetimes of metastable ozone states, remain nearly the same (on
average), but the number of these states increases by as much as 20%. We also found that these changes are
nearly the same in symmetric and asymmetric ozone isotopomers 16O18O16O and 16O16O18O. Therefore, based on
the results of these calculations, the Coriolis coupling does not seem to favor the formation of asymmetric
ozone molecules and thus cannot be responsible for symmetry-driven mass-independent fractionation of
oxygen isotopes.

I. Introduction
Accurate variational calculations of rotational–vibrational states of molecules involve diagonalization of huge
Hamiltonian matrices that contain up to J + 1 diagonal blocks (corresponding to the symmetric-top rotor states),
coupled by the off-diagonal blocks that appear due to the asymmetric-top rotor and Coriolis
terms. (1) Numerically accurate implementation of such full-coupled treatment is considered to be exact, but it
is computationally demanding and is therefore feasible for the simplest cases only, such as sparce spectra of
molecules with large rotational constants and/or low levels or rotational and vibrational excitations. Several
examples of the fully coupled calculations are available from recent literature for small values of total angular
momentum. (2−5) Usually, such calculations aim at the spectroscopic applications, where a stable (bound)
molecule is vibrating in the vicinity of equilibrium configuration.
However, there are other important applications where a brute force diagonalization of the entire Hamiltonian
matrix is numerically unaffordable, even with the fastest supercomputers available to us today. For example, it
is challenging to carry out the variational calculations of vibrational states up to dissociation threshold, where

the large-amplitude floppy motion is typical, and this becomes even more difficult if a broad range of angular
momentum states is needed (e.g., for calculations of thermally averaged moieties). One application that we
consider below concerns calculations of scattering resonances above the dissociation threshold, on a potential
energy surface (PES) with complicated landscape, where several isotopomers are present at the same time, at
large value of total angular momentum (around J = 25–30), for a molecule with small rotational constants. For
this purpose, we developed and tested an approximate method to take into account the effects of rotation–
vibration coupling, which remains practical even in this and other complicated cases.
In our method, instead of diagonalization of the entire Hamiltonian matrix as a whole, we run a series of
independent calculations for all needed values of the symmetric-top quantum number (i.e., z-projection of the
total angular momentum, here denoted Λ) in the range 0 ≤ Λ ≤ J. In each of these runs, we diagonalize a reduced
matrix, which includes only the blocks coupled directly to a given value of Λ, which is Λ ± 2 at most. Therefore,
each individual calculation includes no more than five Λ-blocks, which permits to capture the major effect of the
rotation–vibration coupling terms, while keeping the cost of calculations practical.
Indeed, the cost of matrix diagonalization grows at least quadratically. Therefore, replacing one diagonalization
of a matrix that contains (J + 1) × (J + 1) blocks with a series of J + 1 independent diagonalizations of the matrices
that contain 5 × 5 blocks at most, one can gain a substantial computational advantage. Interestingly, a similar
idea was recently developed in the context of a nonreactive inelastic scattering and was found to be both
accurate and numerically efficient. (6) We would like to call this approach a partially coupled method, or a PCmethod for short, to complement the well-known coupled-channel (CC), centrifugal-sudden (CS), and infiniteorder sudden (IOS) methods. (7−10)
This approach helps to answer a tough question about the role of Coriolis coupling in the recombination
reaction that forms ozone. It is well-known (12) that isotopically substituted asymmetric ozone molecules, such
as 18O16O16O, are formed faster than symmetric ozone molecules, such as 16O18O16O or 16O16O16O. This leads to
the mass-independent enrichment of atmospheric ozone in the rare isotopes of oxygen, which is an important
natural phenomenon with multiple implications in atmospheric chemistry, geoscience, and planetary
science. (13,14) The molecular level explanation of this isotope effect is still missing, but one popular hypothesis,
suggested by Marcus and co-workers, (15,16) claims that some of the Coriolis coupling terms may be absent in
symmetric ozone molecules but be present in the asymmetric ones, leading to a symmetry-driven (rather than
mass-driven) isotope effect. To check this hypothesis, they performed classical simulations of the “diffusion” of
vibrational excitations through the rotational states of symmetric and asymmetric ozone molecules. They found
no isotope effect of this sort but concluded with the following statement: (16) “We speculate that the symmetry
effect of Coriolis coupling can appear in quantum mechanical analysis of the model”.
During the past few years, we have undertaken a series of methodological developments and numerical
calculations to explore this possibility. In the first two papers of this series, (1,11) we carefully looked at the
properties of low-energy coupled rotational–vibrational states in symmetric and asymmetric ozone molecules,
including fine details of the ro-vibrational structure, such as parity splitting (Λ-doubling). In the third paper of
this series, (2) we extended the vibrational content of our calculations to reach resonances above dissociation
threshold, but the full coupled ro-vibrational calculations were only feasible for J ≤ 4.
However, for the recombination reaction at room temperature, the rotational states of ozone up to J ∼ 50 need
to be included, with largest contributions coming from J ∼ 25 to 30. Here, using our new partially coupled
method, we performed the calculations of scattering resonances for J = 24 and J = 28 and computed the
corresponding partition functions. These data permit us to quantify the magnitude of Coriolis coupling effect for
the highly excited rotational states of ozone and the role it plays in the ozone forming reaction. We demonstrate
that, overall, the effect of Coriolis coupling is indeed substantial at J ∼ 25–30, which manifests as an increase of

the resonance partition function by up to 20% (for J = 24), but we also show that this effect is about the same in
symmetric (16O18O16O) and asymmetric (18O16O16O) ozone molecules, which means that it is unlikely to produce
any significant mass-independent symmetry-driven fractionation of oxygen isotopes in the atmosphere.

II. Theory
All calculations of scattering resonances in this paper have been performed with the SpectrumSDT program,
which was recently made available to the community. (17) SpectrumSDT performs calculations in Adiabatically
adjusting Principal axis Hyperspherical (APH) coordinates, (18−23) where the Hamiltonian operator can be
written as (1,11)

(1)

� = 𝑇𝑇�𝜌𝜌 + 𝑇𝑇�𝜃𝜃 + 𝑇𝑇�𝜑𝜑 + 𝑉𝑉pes + 𝑉𝑉ext + 𝑇𝑇�sym + 𝑇𝑇�asym + 𝑇𝑇�cor
𝐻𝐻

The first five terms in eq 1 affect only the vibrational degrees of freedom (ρ, θ, and φ), which are treated in the
same way as described in ref (11) and do not participate in the rotation–vibration coupling; therefore, we will
not discuss them further here. The remaining three terms affect both vibrational and rotational degrees of
freedom, but only the asymmetric top rotor term T̂asym and the Coriolis term T̂cor are responsible for the
rotation–vibration coupling. (1)
Each coupled rotation–vibration wave function in the APH coordinates can be expanded in a basis as

(2)
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where D̃Λ(α,β,γ) are symmetrized Wigner functions of two parities p = 0 or 1, obtained as positive or negative
superpositions of regular Wigner functions, as discussed in ref (1). Quantum numbers J and M were omitted for
clarity. Quantum number Λ labels projections of the total angular momentum J and varies in the range 0 ≤ Λ ≤ J.
Basis functions hn(ρ) correspond to the DVR of the hyper-radial coordinate ρ (a grid of points ρn),
whereas Xkn(θ,φ) represent a set of 2D basis functions for hyper-angles θ and φ (obtained at each ρn by using an
SDT procedure). (11,24,25) A set of expansion coefficients cΛkn for each ro-vibrational state is obtained by finding
the eigenstates of the Hamiltonian matrix.
Now let us consider a general structure of the Hamiltonian matrix produced by the last three terms of eq 1 in
the basis of eq 2. As it was demonstrated in ref (1), only specific combinations of Λ and Λ′ result in nonzero
elements of the Hamiltonian matrix. Namely, T̂sym only couples basis functions with the same values of Λ (i.e.,
within the diagonal blocks of the matrix, Λ′ = Λ), while T̂cor and T̂asym couple functions with the values of Λ
different by ±1 and ±2, respectively (producing the off-diagonal blocks with Λ′ = Λ ± 1 and Λ′ = Λ ± 2). T̂asym also
contributes to one diagonal block with Λ′ = Λ = 1. These properties lead to a “block three-diagonal” structure of
the Hamiltonian matrix, shown schematically in Figure 1 for the case of J = 7 and p = 1. Note that it is sufficient
to label the blocks with Λ, since the two parities p are independent and the corresponding Hamiltonian matrices
are calculated separately.

Figure 1. Schematic rotational block structure of the Hamiltonian matrix for J = 7 and p = 1. Individual blocks are
labeled by the values of Λ and Λ′ of the symmetric top rotor. Each block includes all vibrational basis functions.
Red, green, and blue colors show contributions from T̂sym, T̂cor, and T̂asym terms in the Hamiltonian operator,
respectively. The four black dashed squares show the boundaries of “submatrixes” in the calculations for Λ = 0,
2, 4 and 6, up to Λ′ = Λ ± 2 in each case. The white p letter marks the only block, where the values of matrix
elements are affected by parity.
In the exact fully coupled calculations the value of Λ goes up to J, which implies that the size of the coupled
rotation–vibration Hamiltonian matrix can become very large for large values of J. This can represent significant
computational difficulties, especially for calculation of scattering resonances, where the presence of a complex
absorbing potential (CAP) makes the Hamiltonian matrix non-Hermitian, and a large vibrational basis set is
needed to describe delocalized high-energy states above the dissociation threshold. For example, in the case of
ozone calculation presented below, the size of each Λ-block is about 20000, which results in the full Hamiltonian
matrix of the size about 500000 × 500000 for J ∼ 25. That is prohibitively expensive to diagonalize.

A well-known straightforward way to make calculations affordable is to neglect all off-diagonal Λ-blocks in the
Hamiltonian matrix (due to T̂cor and T̂asym terms of the Hamiltonian operator), in which case the overall matrix
splits into the independent diagonal Λ-blocks that can be diagonalized one by one for any value of J. This is
called the symmetric top rotor approximation or the Λ-conserving approximation (since Λ becomes a good
quantum number). It has been applied extensively in the past to study many molecules and processes, including
the kinetics of ozone recombination reaction. (26−31) The effects of neglecting rotation–vibration coupling, and
the various methods of improving the accuracy of this approximation, have been recently discussed in
detail. (32) But what if the contribution of T̂cor and T̂asym is expected to be important and cannot be neglected?

The two methods described above represent two limiting cases, in which either all Λ-blocks are included
simultaneously (with the corresponding off-diagonal blocks; the full-coupled exact approach) or only one Λ-block
is included at a time (symmetric top rotor approximation) in the Hamiltonian matrix. But why not to try an
intermediate partially coupled method, in which some Λ-blocks of the overall Hamiltonian matrix are included

for each Λ? For example, it makes sense to include several nearest blocks in the vicinity of each Λ that
are directly coupled to it by T̂cor and T̂asym, namely Λ′ = Λ ± 1 and Λ′ = Λ ± 2. These are expected to be the most
important for a given value of Λ. All other more distant values of Λ′, linked by chain coupling through these
blocks, are expected to be less important and therefore can be neglected. In this way the rotation–vibration
coupling is partially included, which justifies the name—a partially coupled method, or a PC-method for short.
Just as in the Λ-conserving approach, in our PC-method a series of independent matrix diagonalizations need to
be done for different values of Λ to cover the range of 0 ≤ Λ ≤ J. Performing these calculations for all values of Λ
up to J, one can obtain a complete spectrum of states for that J. An example of this process is shown in Figure 1,
where the borders of reduced “submatrixes” considered for every other value of Λ are shown with dashed lines.
Note that the maximum number of Λ-blocks included in each calculation is always limited to five, which makes
such calculations affordable even for large values of J.
One feature of this approach is that each submatrix includes a range of Λ values, but only the central value of Λ
in each submatrix has its directly coupled blocks; therefore, it is desirable to only take into account contributions
from that Λ component. We cannot assign a definite value of Λ to a state, since Λ is not a good quantum
number, but we can assign, for each state, a weight equal to the probability in the central Λ. The details of this
are further discussed in section III.B (eq 5).
One can view our method in a different way, in terms of the basis set expansion of eq 2. Namely, the symmetric
top rotor approximation corresponds to retaining only one expansion term in the sum over Λ, while the fully
coupled method uses all terms of expansion up to Λ = J. The partially coupled method we propose would
consider only up to five expansion terms in the range Λ′ = Λ ± 2 for each Λ. This gives more flexibility to the basis
set, compared to the symmetric top rotor case, and is less demanding numerically compared to the fully coupled
method. Therefore, the PC-method can be thought of as a Λ-dependent truncation of the rotational basis set.
In the literature one can find a description of a somewhat similar approach employed by Schinke and coworkers (33,34) to compute scattering resonances in HCO and HOCl, but their method is different. Namely, for
each J they included all blocks of the Hamiltonian matrix in the range 0 ≤ Λ ≤ Λmax, where the value of Λmax is
considered to be a convergence parameter. This approach, first of all, is somewhat too straightforward and is
not expected to be numerically feasible for heavy molecules. For example, in the calculations of scattering
resonances above dissociation threshold in ozone with J = 24 and J = 28 presented in the next section, the value
of at least Λmax = 18 would be required, but the inclusion of 18 (19, in the case of parity p = 0) Λ-blocks is out of
question in the case of ozone, since the calculations with five Λ-blocks are already at the limit of our computing
power. Also, note that in the method of Schinke some Λ-blocks are included (fully coupled within a group), while
others are completely neglected (even the diagonal blocks with Λ > Λmax are neglected). Our method adopts a
more elegant and flexible truncation, in which every diagonal Λ-block is included in the calculations and affects
the properties of states within the range Λ – 2 ≤ Λ′ ≤ Λ + 2 of itself. The value of ±2 in this approach is required to
include both the asymmetric top rotor terms and the Coriolis couplings, but in principle one could include more
blocks in each window (e.g., Λ′ = Λ ± 3, ± 4, etc.), if the computing resources permit.
The accuracy of PC-method for each state depends on the distribution of Λ values in its wave function. Because
the range of the Λ states in the truncated basis set is restricted to only five (Λ′ = Λ ± 2), the wave functions with
much broader distributions would not be accurately described. The actual accuracy of the method is expected to
be system/problem dependent and should normally be tested, by comparison with the fully coupled
calculations, at least for the low values of J, when the fully coupled calculations are possible. This is what we do
next.

III. Results
III.A. Test of PC-Method for Bound States

For the first and the most direct test of the partially coupled method, we performed calculations of several
vibrational states (the ground state and the first excited state of each mode) for the rotationally
excited 16O18O16O with J = 28. We focused on Λ = 8 and considered several levels of theory, with progressively
increasing number of Λ-blocks included in the calculations. The results of this convergence study are presented
in Figure 2. Specifically, each individual calculation includes all blocks in the range Λ′ = Λ ± ΔΛ, where the value of
ΔΛ is varied (progressively increased). When ΔΛ = 0, only one block with Λ = 8 is included, and all couplings with
other blocks are disregarded, which corresponds to the symmetric-top rotor limit. The fully coupled limit can be
achieved on the other side of the Figure 2, where ΔΛ is large enough to cover all Λ-blocks (which would be ΔΛ =
20 in this case, not shown in Figure 2).

Figure 2. Convergence of energies for three low-lying ro-vibrational states as a function of number of Λ-blocks
for J = 28 and Λ = 8. The blue line shows the energy of the ground state. The red and green lines show the
energies of vibrationally excited states with one quanta in bending and symmetric stretching modes,
respectively. The energies of all states are shown with respect to the energies of symmetric top rotor
approximation. The bottom frame shows pairwise differences of the points from the upper frame on logarithmic
scale to better visualize energy behavior in the region of large ΔΛ.

As one can see from Figure 2, the result of the symmetric top rotor model is way off, by more than 100 cm–1, but
inclusion of just one block on each side of Λ = 8 allows to capture most of the coupling energy. Inclusion of two
blocks on each side of Λ = 8 (which is our partially coupled method, ΔΛ = 2) permits to obtain energies
converged to within few wavenumbers, which is sufficiently precise for the purpose of our study and for many
other practical purposes. Further addition of more Λ-blocks leads to exponential convergence of energy, as can
be seen from the bottom frame of Figure 2. Therefore, we conclude that the method works as intended.
Such a direct test of convergence of the individual ro-vibrational states is only feasible at low energies, since it
becomes much harder to identify and compare specific states at higher energies, where the spectrum is much
denser and states can easily change their relative order. For the highly excited states, such as scattering
resonances, it is practical to consider a thermally average property, such as partition function, which is done
next.

III.B. Test of PC-Method for Scattering Resonances

Here we are looking at scattering resonances above dissociation threshold that play the role of metastable
states (reaction intermediates) in the process of ozone formation. For each state i, we have its energy Ei, width
Γi, and wave function. From the wave function, we compute the probability pi for symmetric and asymmetric
ozone molecules, by integration over the inner parts of the PES (see the Supporting Information for details),
where the metastable ozone states can be quenched by bath gas collisions into a stable ozone molecule below
the dissociation threshold. Different resonances possess different properties (Ei, Γi, pi) and make different
contributions into the overall recombination process. The thermal average of these contributions is computed
and analyzed.
Namely, for the case of symmetric top rotor, we can compute, for each Λ, the following moiety, named the
dynamical partition function:

(3)

𝑄𝑄(Λ) = � 𝑤𝑤𝑖𝑖 𝑝𝑝𝑖𝑖 exp �−
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where the summation goes over all scattering resonances. Besides the usual Boltzmann factor, the contribution
of each resonance includes its weight wi and stabilization probability pi that account for the processes of
resonance formation, decay, and quenching. The weight wi is computed assuming the standard Lindeman
mechanism of recombination (35) as wi = kidec/(kidec + kistab[M]), where first-order rate coefficient for spontaneous
decay of a resonance is determined by its width, kidec = Γi/ℏ, while the second-order rate coefficient for
stabilization by bath gas collisions is assumed to be proportional to the probability, pi. (2,11,31) The bath gas
concentration [M] corresponds to the experiments of Mauersberger and co-workers (12) at P = 267 hPa (∼0.3
bar) and T = 298 K.
Note that each factor in eq 3 is unitless and varies between zero and one. Consider two limiting cases: very
narrow resonances with pi → 1 and wi → 0 (almost bound states) and very broad resonances with pi → 0
and wi → 1 (almost free-particle states). Neither of these would make a significant contribution to the dynamical
partition function Q. Only the resonances with a reasonable combination of probability and width
(both pi and wi are nonzero) make significant contribution to Q and to the recombination process.
In Figure 3, blue symbols correspond to the dynamical partition function Q(Λ) obtained by five independent
calculations with 0 ≤ Λ ≤ 4 within the symmetric top rotor approximation. The meaning of this partition function
is the effective number of scattering resonances populated at given temperature, and we see the numbers on
the order of Q ∼ 20 per Λ. As a function of Λ, the value of Q decreases, which is partially due to the Boltzmann

factor (energy of states Ei grows quickly when Λ is raised) and partially due to the weight wi (higher centrifugal
barrier hinders the population of resonances).

Figure 3. Dynamical partition functions computed for symmetric ozone 16O18O16O at J = 4 and p = 0. Calculations
with no coupling (symmetric top) are shown in blue, partial coupling in red, and the full coupling (exact) in
green. The black arrow shows the point (Λ = 2), where the partial coupling approach coincides with the exact
method.
Red symbols in Figure 3 correspond to the results of fully coupled calculation. In this case all scattering
resonances are determined at once, therefore to compute the individual contribution of each Λ, one has to
project it out of the mixed state. This can be done by using the coefficients of expansion in eq 2:

(4)
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where the double sum goes over all vibrational basis functions. Note that ∑a(Λ) = 1. The amplitude a(Λ),
computed for each state i, is introduced as another probability factor under the sum in eq 3, which now reads

(5)
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From Figure 3 we see that the inclusion of ro-vibrational coupling (red vs blue symbols) leads to the increase of
dynamical partition function Q for all values of Λ, in this case by about 5% on average, which is a non-negligible
effect.
Green symbols in Figure 3 correspond to the results of our partially coupled method, also processed by using eq
5 to project out the contribution of each Λ. We see that they are much closer to the results of exact fully
coupled method compared to the data obtained within the symmetric top approximation. For Λ = 2 the result of
partially coupled calculations coincides with the exact result (marked with an arrow in Figure 3), since in this
case the “five-block window” of the partially coupled approach happens to cover the whole Hamiltonian matrix.
As we move away from Λ = 2, the fully and partially coupled approaches start to diverge but still stay close to

each other and away from the data of the decoupled symmetric top rotor approximation. The difference is
largest for the terminal Λ values (Λ = 0 and Λ = 4). Generally, one should expect that the deviation from the fully
coupled method is proportional to the number of missing Λ-blocks in a reduced submatrix.
From Figure 3 we conclude that the partially coupled approach behaves as expected and can be used as an
approximation for calculation of the coupled rotational–vibrational resonance spectra for large values of J.

III.C. Calculations of Partition Functions at High J

In our PC-method the cost of calculations (per Λ) is the same no matter what the value of J is. Of course, larger
values of J come with broader range of possible Λ values, but if Q(Λ) dependence is smooth, then all values of Λ
are not really needed (one can skip some values of Λ and recover this information by interpolation). In this work,
to map out the Q(Λ) dependencies for J = 24 and 28, typical to ozone formation at room temperature, (29) we
performed calculations with Λ = 0, 1, 2, 3, 4, 8, 12, and 16. The results for J = 28 are presented here. The results
for J = 24 are qualitatively similar and are given in the Supporting Information. Because the fully coupled
calculations are unaffordable in these cases, only the results for the uncoupled (symmetric top) and for our
partially coupled method are presented and discussed.
The two upper frames of Figure 4 represent the Q(Λ) dependencies computed for symmetric 16O18O16O and
asymmetric 16O16O18O molecules at J = 28. For Λ ≥ 1 the results were averaged over the two parities (for Λ = 0
only the parity giving even value of J + p is possible). We see again that as Λ is raised, the values of Q(Λ) decrease
rather monotonically and are expected to vanish around Λ = 20. One clear trend observed in all these data is
that the values of partition function Q are systematically higher in the calculations where the rotation–vibration
coupling is included (using our PC-method) compared to the uncoupled (symmetric top rotor) calculations, by up
to 17% for J = 28 and up to 20% in the case of J = 24 (see the Supporting Information). This is expected since the
density of states generally increases with additional couplings.

Figure 4. Parity-averaged dynamical partition functions for symmetric (top frame) and asymmetric (middle
frame) ozone molecules at J = 28 and the resultant η effect (bottom frame). The blue and red lines correspond
to the uncoupled (symmetric top) and partially coupled calculations, respectively. The solid lines are computed

by using the states of allowed ro-vibrational symmetry only. The dashed lines correspond to the dynamical
partition functions that are also symmetry-averaged and include both allowed and forbidden symmetries.
As it was discussed in ref (1), the Hamiltonian matrix for each J and parity (p) breaks down to two independent
blocks that correspond to two different ro-vibrational symmetries. For the electronic ground state of ozone
(symmetric 1A1) and for the isotopes considered in this work (spinless bosons), only the overall symmetries
A1 and A2 are allowed for the rotational–vibrational states, while the symmetries B1 and B2 are forbidden
(see Table 1). The symmetrized rotational basis functions in eq 2 are given by

(6)

2𝐽𝐽 + 1
𝐽𝐽𝐽𝐽
𝐽𝐽
𝐽𝐽
�Λ𝑀𝑀
(𝛼𝛼, 𝛽𝛽, 𝛾𝛾) = �
𝐷𝐷
�𝐷𝐷 (𝛼𝛼, 𝛽𝛽, 𝛾𝛾) + (−1) 𝐽𝐽+Λ+𝑝𝑝 𝐷𝐷−Λ𝑀𝑀 (𝛼𝛼, 𝛽𝛽, 𝛾𝛾)�
16𝜋𝜋 2 (1 + 𝛿𝛿Λ0 ) Λ𝑀𝑀

where the indexes J, p, and M are all indicated explicitly and DΛMJ is a regular Wigner function. As one can see
from eq 6, the symmetry of function D̃ΛMJp is determined by the values of J, p, and Λ. For fixed J and p, the
symmetry of D̃ΛMJp is determined by Λ, and the corresponding allowed vibrational symmetries alternate between
A1 and B1 as a function of Λ, as demonstrated by Table 1. The solid lines in all frames of Figure 4 are calculated
by using the states of allowed symmetry only.
Table 1. Summary of Possible Symmetries of Different Components of Ro-vibrational Wave Functions for
Several Small Values of Λ (the Pattern Continues Up to Λ = J) for Even Values of Ja
ro-vibrational state
rotational
vibrational state
symmetry
state
symmetry
allowed
forbidde parity
Λ
symme allowed
forbidden
n
try
A1
B1
p=0
0
A1
A1
B1
1
B1
B1
A1
2
A1
A1
B1
3
B1
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Note that the Λ = 0 state exists only when J + p is even.
As a computational experiment, we also tried to include the states with forbidden symmetry. The dashed lines
in Figure 4 correspond to the Q(Λ) averaged over both allowed and forbidden symmetries. One can see that the
inclusion of forbidden symmetry does not significantly alter the results, which tells us that the two ro-vibrational
symmetries behave similarly and there are no unexpected/unusual isotope effects associated with the forbidden
symmetry.
In the case of uncoupled calculations (blue curves in Figure 4) parity p does not affect energies of the rovibrational states. (1) For Λ ≥ 1 the states of the two parities are degenerate, and although only one vibrational
symmetry is allowed for each parity (see Table 1), both vibrational symmetries show up in the spectrum because
they come from different parities. The exception is Λ = 0, when only one (giving even J + p) parity is possible, and
thus only one vibrational symmetry is allowed. Therefore, the inclusion of forbidden symmetry makes difference
only in the case of Λ = 0, and this is why solid and dashed blue lines in Figure 4 deviate one from another only at
Λ = 0.

In the coupled ro-vibrational calculations parity affects only one block, labeled by p in Figure 1 (namely, the
diagonal block Λ′ = Λ = 1). In the fully coupled calculations this block affects all states of the system, but its
influence, and the role of parity becomes weaker in the states dominated by large values of Λ. For example, it is
known that the value of parity splitting (Λ-doubling) drops exponentially (11) as a function of Λ. Importantly, in
our partially coupled method this chain coupling is restricted to act within five blocks, Λ′ = Λ ± 2. Therefore, the
calculations for Λ ≥ 4 are decoupled from Λ = 0 and Λ = 1, and the states of two parities become degenerate, just
as in the uncoupled case, considered above. Thus, solid and dashed red lines in Figure 4 deviate one from
another only at Λ ≤ 3.
In this sense, the effects of parity of the rotational functions and the symmetry of vibrational functions are
closely related and should be considered together. Our data indicate that they both are relatively small in the
rotationally excited ozone molecules (dashed vs solid lines of the same color in Figure 4) compared to the overall
effect of the ro-vibrational coupling (red vs blue lines in Figure 4).

III.D. Implications for Symmetry-Driven Isotope Effect

The bottom frame of Figure 4 reports the ratio of dynamical partition functions in symmetric and asymmetric
ozone molecules for J = 28 (shown in the two upper frames):

(7)

𝜂𝜂 =

𝑄𝑄 asym
2𝑄𝑄 sym

The factor of 2 is introduced for convenience to offset the statistical difference in the number of states between
the symmetric 16O18O16O and asymmetric 16O16O18O ozone molecules. The value of the η effect on the order of η
= 1.16 (green in Figure 4) would permit to interpret mass-independent fractionation as a symmetry-driven
isotope effect, (12,36) with asymmetric ozone molecules forming 16% faster than the symmetric ones. Note that
the experimental line does not represent the actual dependence of the η effect on Λ (which is unknown) and is
given for the purpose of comparison with the results of calculations only.
However, the data presented in Figure 4 for all values of Λ, both uncoupled (blue) and partially coupled (red),
exhibit the values of η less than 1 (with the exception of one blue point where η is just slightly larger than 1). We
can also see that the addition of partial ro-vibrational coupling (red) did not introduce any systematic bias in the
favor of asymmetric isotopomer. On average, the value of η-effect remained similar to the uncoupled case
(blue). The data presented in the Supporting Information for J = 24 are qualitatively similar.
In Figure 5 we present the average values of resonance widths Γ, computed for symmetric and asymmetric
ozone molecules for J = 28 using the dynamical partition function Q(Λ) as a weighting function (as in ref (2)).
From these data one can conclude that, on average, the inclusion of ro-vibrational coupling has little effect on
resonance widths and therefore is not expected to affect the lifetimes of the metastable ozone states. The
inclusion of forbidden symmetry, related to the effect of parity, makes even less difference (dashed lines).
Resonance widths appear to be more sensitive to the value of Λ, but this effect is about the same in symmetric
and asymmetric ozone molecules. Also, comparison of average resonance widths computed here for J = 24
and J = 28 with those published earlier (2) for J ≤ 4 shows that they are less sensitive to J and more sensitive to
Λ, but again, these dependencies are very similar in symmetric and asymmetric ozone molecules, which does
not help us to explain why the asymmetric ozone molecules are formed faster.

Figure 5. Average values of resonance widths in symmetric (top frame) and asymmetric (bottom frame) ozone
molecules for J = 28. The meaning of lines and colors is the same as in Figure 4.

IV. Conclusions

In this paper we were able to quantify the effect of rotation–vibration coupling on resonance spectra of ozone
isotopomers with very large values of J. In particular, our goal was to determine whether rotation–vibration
coupling (Coriolis effect) could introduce a systematic bias in favor of isotopically substituted asymmetric
isotopomers of ozone, such as 16O16O18O, since this could help to explain the origin of the mysterious η effect,
responsible for mass-independent fractionation of oxygen isotopes in the atmosphere.
We found that addition of the ro-vibrational coupling has little effect on the average widths (decay rates) of the
metastable ozone states for J = 24 and J = 28. Their lifetimes remain similar in symmetric and asymmetric ozone
molecules, with or without inclusion of the ro-vibrational coupling. We also found that the ro-vibrational
coupling appreciably increases the average number of metastable ozone states (given by the dynamical partition
function), but these changes are rather uniform through symmetric and asymmetric isotopomers of ozone. On
the basis of the results presented here, we conclude that the rotation–vibration coupling is not expected to be
responsible for a robust symmetry-driven isotope effect.
To make these calculations numerically feasible, we developed a partially coupled method that permits to
capture the major contribution of ro-vibrational coupling terms without diagonalization of the entire
Hamiltonian matrix. This method is approximate, but it is general and applicable to many other molecules and
processes in the spectroscopic and dynamic context. The number of coupled Λ-blocks does not have to be equal
to five, as in this paper (Λ′ = Λ ± 2). Instead, it can be viewed as a convergence parameter, varied to achieve
desired level of accuracy. Moreover, if the z-axis is chosen perpendicular to the molecular plain, which results in
a two-diagonal block structure of the Hamiltonian matrix, (1) then the number of directly coupled rotational
blocks can be reduced to just three. This would make the method even more affordable, enabling the coupled
rotation–vibration calculations for more complicated systems and processes.
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